Abstract. We prove that Manolescu and Woodward's Symplectic Instanton homology, and its twisted versions are natural, and define maps associated to four dimensional cobordisms within this theory.
two such decompositions, one has to be able to find a canonical isomorphism between the two groups obtained. This is a central issue regarding several constructions, including:
• being able to define invariants that take the form of homology classes in these groups, such as for example classes associated to contact structures in Heegaard-Floer theory.
• defining maps between such groups, in particular maps associated to four-dimensional cobordisms. (Since such maps will be constructed handle by handle, naturality will be particularly important since one cannot compose maps that are defined only up to isomorphism.) • defining representations of the mapping class group, and (since a basepoint will be involved) of the fundamental group. In Heegaard-Floer theory, naturality has been established by Juhász and Thurston in [JT12] . Among other things, It follows from their work that the group HF depends on the choice of the pointed Heegaard diagram only through the basepoint. Likewise, the HSI groups also depend on the choice of a basepoint. Analogous constructions also appeared in [Hor16] in a slightly different setting.
Theorem 1.1. Let (Y, z) be a pointed closed oriented 3-manifold, with c ∈ H 1 (Y ; Z 2 ). Then, the group HSI(Y, c, z; Z 2 ) constructed in [Caz16, section 3], with coefficients in Z 2 , are natural in the following sense. Given two Cerf decompositions of W , the blow-up of Y at z, seen as a "cobordism with vertical boundary", one can associate two "generalized Lagrangian correspondences" L and L . Then, for any sequence of Cerf moves relating the two decompositions, the composition of Lekili and Lipyanskiy's Y-maps yields an isomorphism Φ : HF (L) → HF (L ). This construction is natural in the sense that the isomorphism do not depend on the chosen sequence of Cerf moves.
As a consequence, the fundamental group π 1 (Y, z) acts on HSI(Y, c, z) by moving the basepoint, and an element ϕ of the mapping class group of (Y, z) defines a map F ϕ : HSI(Y, c, z) → HSI(Y, ϕ * c, z). We will define these these actions more explicitly in section 2.5.
Maps from cobordisms. Let W be a compact connected oriented smooth 4-cobordism from Y to Y (both closed connected 3-manifolds), c W ∈ H 2 (W ; Z 2 ) and γ : [0, 1] → W a path from Y to Y connecting two basepoints z and z , we will define a map where c ∈ H 1 (Y ; Z 2 ) and c ∈ H 1 (Y ; Z 2 ) are dual to the restriction of c W to Y and Y . Here are our three main motivations.
First, to provide a geometric interpretation of the maps appearing in the surgery exact sequence of [Caz16] : Theorem 1.2. (see Theorem 3.6 and Corollary 3.7 for precise statement) With suitable choices of cohomology classes, the maps from cobordisms associated to 2-handle attachments provide a long exact sequence for a Dehn surgery triad.
Second, to obtain geometric vanishing and nonvanishing criterions for these maps appearing in the long exact sequence. The blow-up formula in Corollary 3.13 is an example of such a vanishing criterion, and one can hope to have analogs of the adjunction formulas as in Heegaard-Floer theory.
Last, to invariants for 4-manifolds with boundary. In analogy with instanton homology, one should be able to define polynomial invariants that take values in the HSI groups associated to the 3-dimensional boundary. These maps should be seen as a first step towards this goal, and could correspond to the constant part of such polynomials, see subsection 3.1 for more details.
In section 2, we briefly recall Wehrheim and Woodward's Floer field theory and how symplectic instanton homology fits into this framework. We then prove naturality, using a different method than [JT12] , relying on quilt theory. In section 3 we construct the maps from cobordisms, handle-by-handle as in [OS06] but using Wehrheim and Woodward's quilt theory, prove that they are well-defined and give some of their properties.
Naturality
The group HSI(Y, c) is built after choosing a Heegaard splitting (or a Cerf decomposition) of Y . Manolescu and Woodward proved that two choices of Heegaard splittings yield isomorphic groups. We prove that an isomorphism can be chosen in a canonical way, once a basepoint of Y is fixed.
Floer field theory, symplectic instanton homology and Y-maps.
We briefly review the construction of (twisted) symplectic instanton homology within Wehrheim and Woodward's Floer field theory, and Lekili and Lipyanskiy's "Y-maps", which furnishes the isomorphism in Manolescu and Woodward's proof of stabilization invariance of HSI. For further details we refer to [Caz16] and [LL13, LL17] , and to [MW12] for the original construction. See also [WW16a] and [Weh16, Remark 3.5.8].
Definition 2.1 (The category Cob 2+1 ). We will call category of cobordisms with vertical boundaries, with degree one Z 2 -homology class, and will denote it Cob 2+1 (denoted Cob in [Caz16] ), the category whose:
• objects are pairs (Σ, p), where Σ is a compact connected oriented surface, with connected boundary, and p : R/Z → ∂Σ is a diffeomorphism (parametrization).
where W is a compact oriented 3-manifold with boundary, π Σ 0 , π Σ 1 and p are embeddings of Σ 0 , Σ 1 and R/Z × [0, 1] into ∂W , the first reversing the orientation, the two others preserving it, and such that:
, and
We will refer to p(R/Z × [0, 1]) as the vertical part of ∂W , and will denote it ∂ vert W .
Two such 5-tuples (W, π Σ 0 , π Σ 1 , p, c) and (W , π Σ 0 , π Σ 1 , p , c ) will be identified if there exists a diffeomorphism ϕ : W → W compatible with the embeddings and preserving the classes.
• composition of morphisms consists in gluing along the embeddings, and adding the homology classes.
The choices of the embeddings π Σ 0 , π Σ 1 and parametrizations p, p 0 , p 1 do matter. However, when there will be no ambiguity we will drop them from the notation and simply write (W, c) from
Definition 2.2 (The category Symp). We will call Symp the following category:
• Its objects are tuples (M, ω,ω, R,J) satisfying conditions (i), (ii), (iii), (iv), (v), (x), (xi) and (xii) of [MW12, Assumption 2.5], namely:
The restrictions ofω and ω to M \ R define the same cohomology class in H 2 (M \ R; R). (x) The minimal Chern number N M \R with respect to ω is a positive multiple of 4, so that the minimal Maslov number N = 2N M \R is a positive multiple of 8. (xi)J is an ω-compatible almost complex structure on M ,ω-compatible on M \ R, and such that R is an almost complex hypersurface forJ. (xii) Every index zeroJ-holomorphic sphere in M , necessarily contained in R by monotonicity, has an intersection number with R equal to a negative multiple of 2.
• The set of morphisms between two objects consists in strings of elementary morphisms L = (L 01 , L 12 , · · · ), modulo an equivalence relation:
which are Lagrangian for the monotone formsω i , simply connected, (R i , R i+1 )-compatibles (in the sense that L i(i+1) intersects R i × M i+1 and M i × R i+1 transversally, and these two intersections coincide), such that L i(i+1) \ (R i × R i+1 ) is spin, and such that every pseudo-holomorphic disc of M − i × M i+1 with boundary in L i(i+1) and zero area has an intersection number with (R i , R i+1 ) equal to a positive multiple of −2.
• The equivalence relation on strings of morphisms is generated by the following identification:
, satisfies the above hypothesis concerning pseudo-holomorphic discs, as well as the following one: every quilted pseudo-holomorphic cylinder of zero area and with seam conditions in
has an intersection number with (R i−1 , R i , R i+1 ) smaller than −2.
A (2+1)-Floer field theory is then a functor F : Cob 2+1 → Symp. The functor involved in the definition of symplectic instanton homology will associate to a surface Σ a moduli space N c (Σ, p), and to a cobordism with vertical boundary (W, c) a generalized Lagrangian correspondence L(W, c), about which we recall the definitions now.
Definition 2.3. (Extended moduli spaces)
• (Extended moduli space associated to a surface, [Jef94, Def. 2.1]) Define the following space of flat connexions:
where ν∂Σ is a non-fixed tubular neighborhood of ∂Σ, s the parameter of R/Z, and the group
acts by gauge transformations. The extended moduli space is then defined as the quotient
This space carries a closed 2-form ω defined by:
Furthermore it has a Hamiltonian SU (2)-action, whose moment is given by the element θ ∈ su(2) such that A |ν∂Σ = θds.
• Denote N (Σ, p) the subset of M g (Σ, p) consisting in equivalence classes of connections for which |θ| < π √ 2. The form ω is symplectic on N (Σ, p).
• The space N c (Σ) is defined as a symplectic cutting of M g (Σ, p) for the function |θ| at π √ 2:
. It can be seen as a compactification of the subset N (Σ, p) by gluing the codimension 2 submanifold R = {|θ| = π √ 2}/U (1):
Definition 2.4 (Moduli space and (generalized) Lagrangian correspondences associated to a 3-cobordism). Let (W, π Σ 0 , π Σ 1 , p, c) be a cobordism with vertical boundary from (Σ 0 , p 0 ) to (Σ 1 , p 1 ). Take C ⊂ W an embedded geometric representative of the class c (say a knot).
• (Moduli space associated to a cobordism with vertical boundary (W, π Σ 0 , π Σ 1 , p, c)). Define the following space of connexions, where s stands for the R/Z-coordinate of p(R/Z×[0, 1]), and µ is an arbitrary meridian of C:
• (Correspondence associated to a cobordism with vertical boundary.) Let
be the correspondence consisting in the pairs of connexions that extend flatly to W \ C, with holonomy −I around C:
It turns out that this correspondence depend on C only via its homology class c ∈ H 1 (W ; Z 2 ). 
These satisfy the assumptions of definition 2.2, and the generalized Lagrangian correspondence L(W, c), as a morphism in Symp, is independent on the decompositions of W and c, see [Caz16, Prop. 3.18, Th. 3.22 ] .
To a generalized Lagrangian correspondence L from pt to pt can be associated a homology group called quilted Floer homology, recall its definition, with Z 2 -coefficients (we are being sketchy, see [WW10] for the precise construction):
• Define the set of generalized intersection points as:
which is generically a finite set (in general one should use Hamiltonian perturbations).
• Let CF (L) be the free Z 2 -module generated by I(L).
• The differential ∂ counts pseudo-holomorphic quilted strips.
• The quilted Floer homology HF (L) is defined as the homology of the chain complex (CF (L), ∂). It is independent on the Hamiltonian perturbations and almost complex structures, and is relatively Z 8 -graded.
A fundamental result of Wehrheim and Woodward's theory is that these groups are well-behaved for geometric composition, provided the following holds:
Definition 2.6.
• (Geometric composition) Let M 0 , M 1 , M 2 be three symplectic manifolds, and
where π 02 denotes the projection
The following isomorphism has been proven in [WW12a] and then proven in a different setting by Lekili and Lipyanskiy using a more geometric construction, see also [Weh16, 3.5.8 ]. This last construction has been extended by Manolescu and Woodward to the setting of the category Symp. 
is embedded, simply connected, (R i−1 , R i+1 )-compatible, and such that the intersection number of every pseudo-holomorphic quilted cylinder with
Recall also the isomorphisms built by Lekili and Lipyanskiy involved in the proof of theorem 2.7, called Y -maps: these maps
are defined by counting quilted holomorphic strips (cylinders) as drawn in figure 1.
Remark 2.8. In order to prove that Φ and Ψ are isomorphisms, Lekili and Lipyanskiy prove that these are inverses up to a nilpotent, i.e. there exists two nilpotent endomorphisms N 1 and N 2 such that Φ • Ψ = Id + N 1 and Ψ • Φ = Id + N 2 . In our particular case we will prove that Φ and Ψ are actually inverses (which is one of the requirements for naturality).
2.2. Naturality of Y-maps. Let Y be a closed connected oriented 3-manifold, c ∈ H 1 (Y, Z 2 ) and z ∈ Y a basepoint. Define W as the real oriented blow-up of Y at z, and fix an embedding of
defines a morphism of Cob 2+1 from the disc to itself. Let f and f denote two Cerf decompositions of W (i.e. morphisms of the category Cobelem, in the notations of [Caz16] ) giving rise to two generalized Lagrangian correspondences L(f ) and L(f ) from the point to itself, and thus two groups
From Cerf theory one knows that f and f can be joined by a sequence
built as a Y-map of type Φ or Ψ depending on which way the composition is taken. The composition of all the Θ i yields then an isomorphism from HF (L(f )) to HF (L(f )), and one then needs to check that it doesn't depend on the choice of the intermediate decompositions {f i }. Without loss of generality, assume for now on that f = f , and let
By a standard gluing argument, see for example [Caz16, Prop. 5 .22] or [WW16b, Th. 4.18], the map Θ is induced by the quilted surface obtained by gluing altogether the quilted surfaces inducing the Θ i 's, which might look like figure 2.
Our strategy for proving that Θ = Id will be similar to Wehrheim and Woodward's strip shrinking argument in [WW12a] and will consist in deforming the domain of the quilted surface, letting the central width L tend to zero. A key ingredient will be a removal of singularity theorem due to Bottman [Bot14] that will indeed allow us to have a geometric description of eventual bubbling on the degeneracy locus R, which will then be excluded by the assumptions on the category Symp.
Remark 2.9. From Cerf theory, it would suffice to check invariance for a smaller number of elementary moves corresponding to going around codimension 2 Cerf strata, as in [JT12] . However, such a proof would involve the same kind of difficulties as we will encounter (in particular, proving that Φ and Ψ are inverses is not easier). We now define the one-dimensional parametrized moduli space that will furnish a homotopy equivalence between CΘ and Id (CΘ refers to the chain-level map inducing Θ).
For a quilted surface with strip-like ends S, decorated with families of symplectic manifolds and Lagrangian correspondences in the category Symp, and x, y limits at these incoming/outgoing ends, denote by M(S, x, y) k the moduli space of pseudo-holomorphic quilts of index k, with limits x, y at the ends, and with intersection number with R equal to zero (the definition of these moduli spaces also involve perturbation data: almost complex structures and Hamiltonian perturbations on each symplectic manifolds, however we will not keep them in our notations). When S is a quilted strip, we might simply write M(x, y) k . Denote also
For L ∈ (0, 1], let S L be the quilted surface obtained from S by varying its complex structure and setting the length of the central part equal to L, see figure 2 (say the initial length for S is 1).
To this family of quilted surfaces is associated two parametrized moduli spaces, with k = −1 or 0, = M(S 1 ) 0 . We will show that M(S 1 ) −1 is compact (i.e. finite), and will compactify M(S 1 ) 0 .
By standard Gromov compactness and the assumptions on the category Symp (definition 2.2) we know that for each > 0, the space
can be compactified by adding broken trajectories at each end, namely by glueing the following space:
It remains to understand what can be the limit of a sequence of quilted curves
From now on we will assume that the surface S satisfies the following assumption (as in figure 2 but unlike in figure 3 ). This assumption can always be arranged after adding extra seams, decorated with the diagonal correspondence, and moving the seams slightly. This do not affect the map between Floer groups. Assumption 2.10. Assume for the surface S:
• that no patches go from −∞ to +∞ and that no patches in P − have a common seam with a patch in P + .
• that, except from the horizontal seams going to infinity, no seam have horizontal tangencies.
Following Bottman-Wehrheim, define a squashed curve in the following way: denote by P = P − ∪ P central ∪ P + the set of patches in S, where P − and P + stand respectively for the incoming/outgoing strips, and P central for the central patches. We denote by R − (resp. R + ) the set of nonpositive (resp. nonnegative) numbers.
Definition 2.11. If S satisfies assumption 2.10, the squashed strip S sq associated to it consists in the following collection of patches:
• for each patch P ∈ P − (resp.
• for each patch P ∈ P central , let P sq = [a, b], where a = inf {t : (s, t) ∈ P }, and b = sup{t : (s, t) ∈ P }.
An example of such a squashed strip is described in figure 3.
Definition 2.12. If S satisfies assumption 2.10, by a squashed curve u : S sq → M we mean a collection of maps u P : P sq → M P , where P ∈ P and M P is the symplectic manifold decorating P , satisfying the following seam conditions:
• for S a seam between two patches P, P ∈ P − (resp. P + ) asymptotic to R − × {a} (resp. R + × {a}) one has
where L S ⊂ M − P × M P is the Lagrangian correspondence associated to S.
• for S a seam between P ∈ P − (resp. P + ) and
In order to apply Manolescu and Woodward's argument, we will need a compactness result, analog to Bottman and Wehrheim's theorem [BW15, Th 3.1], with the exception that there is more than one patch which is shrinked, and that seams can meet at a puncture. The same proof applies to this setting, in particular assumption 2.10 ensures the main hypothesis [BW15, Def 2.2] that each seam "obediently shrinks to zero". A sequence of J-holomorphic quilts u i : S L i → M , with L i → 0 as i → +∞ will have a subsequence that converges to a squashed J-holomorphic map with eventually strip-breaking at the ends and (eventually squashed) quilted bubbles attached to it. A priori, several kind of bubbling could occur during this process, which we describe now. However, we will see that all such bubblings are excluded.
Description of eventual bubbling. Bubbling occurs when energy concentrates near a point z ∈ S sq . If z is not in the imaginary axis, then standard bubbling may appear (possibly disc bubbling if z ∈ ∂S sq , and possibly quilted if z lies on a seam) as z is away from the shrinked region for i large enough. Assume now that z is in the imaginary axis.
Different kind of bubbling might occur depending on how fast the length L i tends to zero. Let z i ∈ S L i be a sequence of points that locally maximizes |du i | and that converges to z, with lim i→+∞ |du i (z i | = +∞. Let then ρ i = 1 |du i (z i )| be the energy concentration speed. With φ i (z) = ρ i z + z i , the sequence of rescaled quilts u i • φ i has its differential bounded for the infinity norm.
Assume, up to taking a subsequence, that the limit of the ratio R = lim i→∞
exists. Three cases need to be considered, depending on whether this limit is zero, finite, or infinite. Examples are sketched in figure 4. (i) R = +∞. This first case leads to "standard" bubbling: it can be sphere bubbling (possibly quilted, with one seam), disc bubbling, or a quilted cylinder (in case of energy concentration at a puncture).
(ii) R ∈ (0, +∞). Assume for simplicity that L i = ρ i . The composition of the rescaling of the quilted domain with the horizontal shrinking results in a vertical dilation with factor
, which has the effect of sending the seams meeting the horizontal line Im = Im(z) to vertical lines. Three cases need to be distinguished depending on the position of z:
(a) If Im(z) is not the imaginary part of a horizontal seam (at an end), and not the imaginary part of a puncture. Then the limit is a "witch ball", i.e. a quilted sphere with parallel seams.
(b) If Im(z) is the imaginary part of a horizontal seam (at an end), then the limit may also be a witch ball, with the two extremal patches divided by a horizontal seam.
(c) If Im(z) is the imaginary part of a puncture, then the limit may also be a witch ball, with one squashed half-line, or line.
(iii) R = 0. In this last case, the rescaled quilts converge to the squashed analogs of the configurations in case (ii), again depending on the position of z in the imaginary axis.
Ruling out the bubbling. We saw that if energy concentrates near a point, then after rescaling one can obtain a quilted of squashed pseudo-holomorphic plane. In order to prove that this doesn't appear, we first use Bottman's removal of singularity [Bot14, Th 2.2], which asserts that such planes extend as a quilted (or squashed) pseudo-holomorphic sphere. His theorem is stated only for figure eight bubbles, however his proof applies to the bubbles we are interested in.
We now recall Manolescu and Woodward's argument [MW12, Lemma 6.11] that permits to rule out every above mentioned bubbling penomenon. First, every such bubble must have zero area, otherwise, by monotonicity and the assumption on the minimal Maslov index, the principal component would have an index too small to exist generically. Hence such bubbles have zero area, and are therefore contained in the zero locus R of the symplectic forms. Moreover, the kernel of the symplectic form along R coincides with the vertical spaces of an S 2 -fibration: each patch is then contained in such spheres, and all these patches (eventually squashed) glue to a single map from the sphere to such a fiber. The glued map is orientation preserving, hence if it is nonconstant, it is a branched covering of the sphere, and its intersection number with R is a positive multiple of the intersection number of R 0 whith the fiber F 0 , which is equal to -2, see [MW12, Lemma 4.11].
By a result of Cieliebak and Mohnke [CM07, Prop 6.9], the principal component generically intersects R transversely. From this fact and the fact that each bubble has intersection smaller than -2, it follows that the total number of intersection points is strictly greater than the number of bubbles. Hence, there exists intersection points on which no bubbles are attached, which is impossible for a limit of curves disjoint from R.
Call then M 0 the moduli space of squashed maps. Since every geometric composition arising in the sequence of moves are embedded, the central values of any squashed maps are uniquely determined by the values at the P − or the P + patches. Therefore, any maps from adjacent patches R − × [a, b], R + ×[a, b], in P − and P + , extend continuously to a strip defined on R×[a, b].
The moduli space M 0 consists then on index zero strips, which are exactly the constant maps: M 0 (x, y) is empty if x = y, and consists in a single point if x = y. Indeed, after forgetting the middle squashed patches and regluing the two half-strips, one gets a zero-dimensional moduli space which admits an R-action: these maps are hence R-invariant and are constant on each patch.
2.4. Proof of Theorem 1.1. To summarize, we proved in the last subsection that:
• M par −1 is compact, since generically the moduli space of squashed strips of index -1 is empty.
• M 0 (x, y) is a point if x = y, and is empty otherwise.
• M par 0 (x, y) can be compactified to a 1-dimensional manifold with boundary
where both z and z range over I(L(f )).
It then follows that Id + CΘ + ∂h + h∂ = 0, and Θ = Id, which finishes the proof of Theorem 1.1. 2 2.5. Mapping class group and fundamental group representations. Assume now we are given a diffeomorphism ϕ : Y → Y fixing z. Let W be the blow up of Y at z, and pick a Cerf decomposition f of it. Then ϕ induces a new Cerf decomposition of Y , call it ϕ * f . To f is associated a generalized Lagrangian correspondence L, and to ϕ * f is associated another generalized Lagrangian correspondence L . On the one hand, the map ϕ gives an identification of L and L , in that it furnishes a symplectomorphism between each symplectic manifolds appearing in the sequences, and these symplectomorphisms map the first Lagrangians to the second. This identification therefore provides an isomorphism
On the other hand, f and ϕ * f are two Cerf decompositions of a same manifold, and are therefore related by a sequence of Cerf moves, which give rise to a sequence of Y -map isomorphisms, providing an isomorphism
By composing these two maps, one then obtains an automorphism of HF (L) that corresponds to the map F ϕ .
We define now the action of the fundamental group. Let γ : [0, 1] → Y be a smooth embedded path based at z. Pick a vector field X on Y extending γ (t) and being zero outside a tubular neighborhood of γ, and let ϕ be its time one flow. Take then F ϕ to be the map associated to γ. This map is an isotopy invariant of γ, but it is not clear a priori that it is a homotopy invariant. This is also true, and will follow from the construction in next section, and the following observation: to a path γ :
, and an homotopy of γ yields an isotopy ofγ.
Maps from cobordisms
From now on W will no longer stand for a 3-dimensional cobordism as it used to stand in the last section, but rather for a 4-dimensional cobordism.
3.1. General framework. So far we can associate a map F ϕ to a diffeomorphism ϕ fixing the basepoint. We will see that HSI carries a structure close to a (3+1)-TQFT, that is for each four-dimensional cobordism W : Y → Y is associated a linear map between the groups associated to its boundary, and these maps satisfy nice gluing properties. The picture will be slightly different however: due to the presence of basepoints, the maps will be associated to cobordisms with arcs connecting these points.
Moreover, HSI can also be constructed by defining a functor Cob 2+1 → Symp, i.e. a (2 + 1)-Floer field theory, see [Caz16, sec. 3] and then applying quilted Floer homology. These two functorial points of view shoud be brought together: in principle HSI and the cobordism maps should come from a (slight variation of a) (2+1+1)-Floer field theory: the category Symp should be endowed with a structure close to a 2-category, using quilted Floer homology as 2-morphism spaces, see [WW16a] . We plan in future work [Caz] to extend such a functorial picture down to dimension 1.
Nevertheless we find instructive to have this point of view in mind when constructing the maps F W , although our construction will be analogous to [OS06] . According to this principle, it suffices to assign a Floer homology class for elementary cells (namely the cells for 1-handles, 2-handles and 3-handles) and then use the operations of the 2-category Symp. We now explain how to choose these Floer homology classes. Let X be a 4-manifold with corners with ∂X = Y 1 ∪ Σ Y 2 (Σ is the codimension 2 corner). After equipping X with a metric with cylindrical ends, and a principal bundle over it, one should be able to define a moduli space M ASD (X) of antiself dual instantons (with suitable behaviour near the basepoint). Fixing a temporal gauge and taking the limit near the boundary should give two restriction maps to the moduli spaces of flat connexions of Y 1 and Y 2 , which also restrict to the extended moduli space of Σ (Σ = Σ \ disk), as in the following diagram.
One then obtains a map r : 
, which (say the intersection is clean) is the first page of a spectral sequence of
, then we might use this class. It is likely that the lowest dimensional part of M ASD (X) corresponds to the classes involved in the construction of the maps F W (the classes C + and C), and it should be possible to use its higher dimensional components in order to define HSI-valued Donaldson polynomials.
3.2. Construction. Recall the setting: W is a compact connected oriented smooth 4-cobordism from Y to Y (both closed connected 3-manifolds), c W ∈ H 2 (W ; Z 2 ) and γ : [0, 1] → W a path from Y to Y connecting two basepoints z and z .
Remark 3.1. By Poincare-Lefschetz duality, the class c W can also be seen as a relative homology class in H 2 (W, ∂W ; Z 2 ) whose image in H 1 (∂W ; Z 2 ) by the connecting homomorphism is c + c . Although working with homology classes was more convenient in [Caz16] , cohomology classes will be better suited here. One can also think of c W as the second Stiefel-Whitney class of a principal SO(3)-bundle. Since W has the homotopy type of a CW-complex of dimension 3, such bundles are classified by this class.
We proceed analogously to [OS06] : we first cut W in elementary cobordisms, corresponding to single handle attachments, then define morphisms associated to such cobordisms, and finally check that the morphism obtained by composing those doesn't depend on the decomposition.
3.2.1. 1-handle and 3-handle attachment. Let W be a 4-cobordism between Y and Y corresponding to a 1-handle attachment to Y . The manifold Y is homeomorphic to the connected sum (S 2 × S 1 )#Y , and W is homeomorphic to the boundary connected sum
It follows that H 2 (W ; Z 2 ) H 1 (Y, Z 2 ). Let c W ∈ H 2 (W ; Z 2 ), and c ∈ H 1 (Y ; Z 2 ) (resp. c ∈ H 1 (Y ; Z 2 )) the dual of the restriction of c W to Y (resp. Y ). Notice that H 1 (Y ; Z 2 ) identifies to H 1 (Y ; Z 2 ) ⊕ H 1 (S 2 × S 1 ; Z 2 ). Under this identification, c = c + 0. Take also a point z away from the connected sum, let z = (z, 1) ∈ Y and γ(t) = (z, t) be the connecting path.
In order to be able to refer to its classes, we fix the following absolute grading: HSI(S 2 × S 1 , 0) = Z 
Definition 3.2.
• (Map associated to a 1-handle attachment). We define the map F W,c W ,γ (x) by:
• (Map associated to a 3-handle attachment). The cobordism W endowed with the opposite orientation, seen as a cobordism from Y to Y , corresponds to a 3-handle attachment. Let also γ(t) = γ(1 − t). We similarly define F W ,c W ,γ (C + ⊗ x) = x, and F W ,c W ,γ (C − ⊗ x) = 0, if C − stands for the degree 0 generator of HSI(S 2 × S 1 , 0).
Remark 3.3. We will see that definition of these handle maps are constrained by the handle creation/cancellation invariance with the 2-handles.
3.2.2. 2-handle attachment. Let Y be a 3-manifold, K ⊂ Y a framed knot, and W the cobordism corresponding to the 2-handle attachment along K. Let Y be the second boundary of W , which corresponds to the zero surgery along K. Denote T = ∂(Y \ νK) the torus bounding a fixed tubular neighborhood νK of K.
According to the Mayer-Vietoris sequence applied to the union
relatively to Y ∪ Y , there exists a class c ∈ H 1 (Y \ νK; Z 2 ) and integers i, j ∈ {0, 1} such that the image ∂ * P D(c W ) ∈ H 1 (∂W ; Z 2 ) can be written as the sum of c 
From the corresponding decompositions of Y and Y , one has:
For any values of i and j, the Lagrangians L 0 and L 1 intersect transversely at a single point, indeed if one identifies N (T ) to an open subset of SU (2) 2 via the holonomies Λ and M along λ and µ, these are respectively defined by the equations {M = (−1) i I} and {Λ = (−1) j I}. Hence HF (L 1 , L 0 ) = Z 2 , let C be the generator corresponding to the intersection point. The groups
be the pair-of-pant product, defined by counting quilted pair-of-pants as in figure 5.
Definition 3.4. (Map associated to a 2-handle attachment). We define
3.3. Independence of the decomposition, naturality. Suppose that we have decomposed the cobordism (W, γ) in k elementary ones:
with Y 0 = Y , Y k = Y , and W i a cobordism from Y i−1 to Y i corresponding to the attachment of a 1,2 or 3-handle. Assume also that the path γ is decomposed in paths γ i that are "horizontal" as in the previous section. A class c W ∈ H 2 (W ; Z 2 ) induces classes c W i ∈ H 2 (W i ; Z 2 ) and classes Figure 5 . The pair-of-pants map.
For this construction to make sense we first need to show that the handle maps We then prove that the map F W,c W ,γ doesn't depend on the Cerf decomposition of W . According to Cerf theory (see for example [GWW] ), it suffices to check that the morphisms remain unchanged after a handle creation/cancellation, and a critical point switch, as the moves corresponding to a diffeo-equivalence and a trivial cobordism attachment are clearly satisfied.
3.3.1. Commutativity with the Y -maps. Let W be a 4-cobordism corresponding to a handle attachment from Y to Y . After picking two Cerf decompositions of Y and Y that are compatible with the handle attachment as in the previous construction, one gets two generalized Lagrangian correspondences L and L , and a map
If one had chosen different Cerf decompositions for Y to Y , one would have obtained two other generalized Lagrangian correspondences L and L , and another map
One also has two isomorphisms
We will show that the following diagram commutes:
Without loss of generality we will assume that Θ is a single Y -map.
1-handles and 3-handles. Let (W, c W , γ) be a 4-cobordism with degree two cohomology class and basepath, corresponding to a 1-handle attachment to
Let L be a generalized Lagrangian correspondence obtained from some
Assume that L is another generalized Lagrangian correspondence corresponding to another Cerf decomposition of (Y, c, z), that differs from a Cerf move. L and L differ by an embedded composition, and there is a Y -map
is the corresponding generalized Lagrangian correspondence for (Y , c , z ), and the Y -map
One can "unsew" the second patch appearing in Θ , by which we mean the following: if (S, M , L) is a quilt, such that for some patch P in S, M P is a point, then "unsewing" corresponds to removing the patch P in S, and taking the same decorations. This operation doesn't change the moduli spaces and associated invariants.
Consequently, one has
From the fact that
, as announced. The claim for 3-handles follows from the same observation.
2-handles. Assume now that both F W,c W ,γ and F W,c W ,γ correspond to a 2-handle attachment. By standard gluing arguments, the maps F W,c W ,γ • Θ and Θ • F W,c W ,γ correspond to the contraction with C ∈ HF (L 0 , L 1 ) of the maps defined by counting quilts as in figure 6 . The equality F W,c W ,γ • Θ = Θ • F W,c W ,γ then follows from the obvious homotopy relating the two surfaces. 3.3.2. Birth/death. We will show that for the consecutive attachment of a cancelling 1-handle and a 2-handle, the composition of the induced maps is the identity. The case of a 2-handle and a 3-handle can be obtained from this by reversing the cobordism.
The situation we will describe is summarized in figure 7 : Let Y be a 3-manifold, S ⊂ Y a 2-sphere and K ⊂ Y a framed knot, such that K and S intersect transversely at a single point p. Let W 1 denote the opposite of the cobordism corresponding to a 3-handle attachment along S. Denote Y the other boundary of W 1 . Let W 2 be the cobordism corresponding to the attachment of a 2-handle along K, with respect to the given framing. Let Y be the other boundary of W 2 . Let N be a regular neighborhood of
, and Y Y #(S 2 × S 1 ). Let C be a circle in S disjoint from p = K ∩ S, and T ⊂ N the torus corresponding to C × K under the identification N (S × K) \ B 3 . The torus T separates N in respectively a neighborhood νK of K, and N \ νK. We will still denote T the corresponding torus in Y .
Let c be a class in
The second cohomology group of Y admits the following splitting:
in which c Y corresponds to c Y + 0.
Choose basepoints z, z , z corresponding to a same point in T , and horizontal arcs γ 1 , γ 2 connecting them. Let λ, µ ⊂ T be a longitue and a meridian of K avoiding z, and T the torus T blown up at z. Denote, in accordance with the previous paragraph, the following two Lagrangians of N c (T ), associated respectively to νK (or N \ νK), and to the Dehn filling of Y (here, i = j = 0 since c Y corresponds to c Y + 0):
Let finally L = L(Y \ N, c) be the generalized Lagrangian correspondence, going from pt to pt. The HSI homology groups of the three manifolds are then given by:
, where C + is the generator in degree 3. In order to prove that
Recall that F W 2 ,c W 2 is defined by counting quilted triangles as in figure  5 . In the present context, these triangles are equivalent to those of figure 8. Indeed, since the second symplectic manifold appearing in the sequence of Lagrangian correspondences is a point, one can "unsew" the upper triangle. Identify a tubular neighborhood of L 0 in N c (T ) to a neighborhood of the zero section in T * L 0 , in such a way that L 1 corresponds to the fiber over a point n ∈ L 0 . Let f : L 0 → R be a Morse function with two critical points: a maximum at n and a minimum at some other point s. Denote L 0 the graph of df , and assume f is small enough so that its graph is contained in the tubular neighborhood in question.
The homology HF (L 0 , L 0 ) is isomorphic to the Morse homology of f , indeed there can be no Floer strips of index 1 due to the index difference of n and s. The degree 3 generator C + thus corresponds to the maximum n of f under this identification.
Call CΦ :
the quilted pair-of-pant chain map, so that CF W 2 ,c W 2 (x 0 , x) = CΦ(n, x 0 , x). We shall show that CΦ(n, n, x) = (n, x). As L 1 and L 0 intersect transversely only at n, it suffices to show, for x, y ∈ I(L), that:
• if x = y, then CΦ(n, n, x), (n, y) = 0, and • if x = y, then CΦ(n, n, x), (n, y) = 1. Assume that there exists a pseudo-holomorphic triangle contributing to this coefficient. The total index of the triangle and the quilted strip is zero: it follows by genericity that both have index zero (otherwise one would have negative index and would lie in a moduli space of negative dimension). Therefore the quilted strip is constant and x = y, which proves the first point.
Assume now that x = y. The constant quilt has index zero, and is regular: indeed, for generic perturbations, The linearized Cauchy-Riemann operator associated to the triangle is injective by [Sei03, Lemma 2.27], hence surjective since the triangle has index zero. Similarly, the linearized Cauchy-Riemann operator associated to the quilted strip is injective, by [WW12b, Theorem 3.2]. Any other quilt appearing in the moduli space should have same index, and thus same symplectic area by monotonicity, therefore it should be constant: the moduli space of such quilts consists in a single point, which implies CΦ(n, n, x), (n, y) = 1.
To sum up, we have shown that figure 9 . We will show that
. Four cases need to be distinguished depending on the handle dimensions:
(1) h 1 is a 1-handle and h 2 is a 1-handle.
(2) h 1 is a 1-handle and h 2 is a 2-handle.
(3) h 1 is a 2-handle and h 2 is a 2-handle.
(4) h 1 is a 1-handle and h 2 is a 3-handle. The last remaining case (2-handle/3-handle) can be deduced from the second one.
First case (h 1 is a 1-handle and h 2 is a 1-handle). Let A 1 and A 2 be two manifolds homeomorphic to S 2 × S 1 , so that, with i = 1 or 2 and j = 3 − i, Figure 9 . Critical point switch.
HSI(A i , 0), so that, according to the Künneth formula,
Let finally C +,i ∈ H i be the degree 3 generators. Then the composition maps
are given, for x ∈ H Y , by:
These are thus identified via the isomorphism HSI(Y 12 ) HSI(Y 21 ) induced by the identity.
Second case (h 1 is a 1-handle and h 2 is a 2-handle). Keeping the previous notations, HSI(
The claim follows from the fact that F W 2 = Id H 1 ⊗ F W 2 . Indeed, the last strip of the quilted surface defining F W 2 can be unsewed, see figure 10.
Third case (h 1 is a 2-handle and h 2 is a 2-handle). Let K 1 , K 2 ⊂ Y be two framed knots, to which we attach the handles h 1 and h 2 respectively. Let N 1 and N 2 be tubular neighborhoods, T 1 and T 2 their boundaries, M = Y \ (K 1 ∪ K 2 ) their complement, seen as a cobordism from T 1 to T 2 .
Denote by L the generalized Lagrangian correspondence from N c (T 1 ) to that we have:
The maps associated to W 1 , W 2 , W 1 and W 2 are then defined by counting quilted triangles as in figure 11 . This is by definition for F W 1 ,c 1 and F W 1 ,c 1 , and regarding F W 2 ,c 2 and F W 2 ,c 2 , follows from the two following observations. On the one hand, an oriented manifold Y described by a handle decomposition
where the surfaces have their opposite orientations. Their corresponding moduli spaces are then endowed with the opposite symplectic form. On the other hand, a pseudo-holomorphic quilt with values in a family of symplectic manifolds corresponds to its mirror image with values in the family of symplectic manifolds with opposite symplectic forms.
The compositions F W 2 ,c 2 • F W 1 ,c 1 and F W 1 ,c 1 • F W 2 ,c 2 are hence associated to the corresponding glued surfaces: they thus coincide, due to the homotopy suggested in figure 11 . Figure 11 . 2-handle switch.
Fourth case (h 1 is a 1-handle and h 2 is a 3-handle). As in the first case, let A 1 and A 2 both be manifolds diffeomorphic to S 2 × S 1 , so to have
Denote H Y 2 = HSI(Y 2 ), H i = HSI(A i ), and let C +,i , C −,i ∈ H i be the generators with degrees 3 and 0 respectively.
We now check that
, one has on the one hand:
and on the other hand:
which completes the proof of the independence of the decomposition. 2 Hence the cobordism maps F W,c W ,γ are well-defined. The following composition formula is a straightforward consequence of their construction (and corresponds a vertical composition of 2-morphisms in the 2-category Cob 2+1+1 ):
be a composition of two cobordisms, c ∈ H 2 (W, Z 2 ), and c 1 , c 2 the induced classes on W 1 and W 2 . Then, Let Y be a 3-manifold with torus boundary, α, β, γ three curves in ∂Y satisfying α.β = β.γ = γ.α = −1, and Y α , Y β , Y γ the manifolds obtained by Dehn filling. If δ = µ ∈ {α, β, γ}, let W δ,µ be the cobordism from Y δ to Y µ corresponding to the attachment of a 2-handle along δ with framing µ.
Let c ∈ H 1 (Y ; Z 2 ), denote for δ = µ ∈ {α, β, γ}, the three classes c δ ∈ H 1 (Y δ ; Z 2 ) induced by the inclusions, and c δµ ∈ H 2 (W δµ , ∂W δµ ; Z 2 ) the classes induced by
) the fundamental class of the core of the handle attached along α, so that
In this setting, [Caz16, Theorem 1.3] says that the three groups
fit into a long exact sequence. The proof of this theorem involves (an adaptation to the HSI setting of) an exact sequence of Wehrheim and Woodward, which is a quilted analog of Seidel's exact sequence for symplectic Dehn twists. It is built from a short exact sequence (Where CSI stands for the chain complex defining HSI):
where the maps CΦ 1 and CΦ 2 are defined respectively by counting quilted pair of pants, and quilted sections of a Lefschetz fibration.
Theorem 3.6. The morphisms Φ 1 and Φ 2 induced in homology with Z 2 -coefficients by CΦ 1 and CΦ 2 coincide with the maps F W αβ ,c αβ +dα and F W βγ ,c βγ .
The third morphism of the exact sequence, constructed as a connecting homomorphism, might not a priori be induced by W γα . However, the same argument than the one used by Lisca and Stipsicz for Heegaard-Floer homology [LS04, Section 2] implies:
Corollary 3.7. Denoting d α ∈ H 2 (W γα , ∂W γα ; Z 2 ) the fundamental class of the handle attached along α, the maps F W αβ ,c αβ +dα , F W βγ ,c βγ , and F Wγα,cγα+d α form an exact sequence: Finally, the choice L 0 = L β and S = L γ allows one to prove
hence the announced exact sequence.
Proof of theorem 3.6. First, Φ 1 = F W αβ ,c αβ +dα by definition of the map F W αβ ,c αβ +dα . By pushing the critical value of the Lefschetz fibration to the upper boundary of the quilted surface (see figure 12) , one can see that CΦ 2 is homotopic to the contraction of the pair-of-pant product CF (L 0 , τ S L 0 ) ⊗ CF (τ S L 0 , L) → CF (L 0 , L) with the cocycle c S,L 0 ∈ CF (L 0 , τ S L 0 ) defined by the Lefschetz fibration specified in the figure.
It remains to notice that c S,L 0 coincide with the generator C used to define F W βγ ,c βγ . This is due to the fact that L 0 and τ S L 0 intersect at a single point x, for which there exists a unique index 0 section, the "constant" one, which is regular according to [Sei03, Lemma 2.27]. Indeed, by monotonicity, every other section of index zero would also have zero area, therefore it is the only such section. (1) F W,0 = F W,1 = 0.
(2) Denoting W the cobordism with opposite orientation, F W ,0 is an isomorphism, and F W ,1 = 0.
Proof. Recall that W corresponds to the attachment of a 2-handle to S 3 along the trivial knot, with framing 1.
(1) The surgery exact sequence applied to the triad corresponding to the surgeries ∞, 1,2 on the trivial knot is of the form, for any classes i = 0, 1 and denoting S 3 α the surgery α on the trivial knot: We introduce the following invariant for closed 4-manifolds:
Definition 3.9. Let X be a closed 4-manifold, and c ∈ H 2 (X; Z 2 ). Denote W the manifold X with two open balls removed, seen as a cobordism from S 3 to S 3 . Its corresponding map F W,c : HSI(S 3 ) → HSI(S 3 ) is a multiplication by some number which we denote Ψ X,c .
Remark 3.10. As opposed to a cobordism W , a principal SO(3)-bundle over X could eventually have a non-trivial first Pontryagin class. These bundles will not be reflected by this invariant.
The following proposition 3.12 describes the effet of a "horizontal" composition of cobordisms (which corresponds a horizontal composition of 2-morphisms in the 2-category Cob 2+1+1 ). The map associated to W # vert W is given by:
In particular, if X is a closed manifold and W #X stands for the connected sum at an interior point, F W #X,c W +c X = Ψ X,c X · F W,c W .
Proof. Take two decompositions of W and W in elementary cobordisms, this induces a decomposition for W # vert W . The fact that there is a point in the middle of the generalized Lagrangian correspondence guarantees that the maps coming from the handles of W don't interact with those of W : at the chain level, the induced map corresponds to CF W ⊗ CF W . The result at the level of homology groups follows then from the naturality of the Künneth formula, see [tD08, Theorem 11.10.2].
From this result and propositon 3.8, it follows: Corollary 3.13. Let W be a 4-cobordism,
(1) F W #CP 2 ,c = 0, for all class c ∈ H 2 (W #CP 2 ; Z 2 ).
(2) If c ∈ H 2 (W #CP 2 ; Z 2 ) is nonzero in restriction to CP 2 , then Remark 3.14. We observe here a slight difference with Heegaard-Floer homology: if (Y α , Y β , Y γ ) is a surgery triad and W δγ denotes the handle attachment 4-cobordisms, then the three morphisms associated to W δγ endowed with the zero classes doesn't form an exact sequence. Indeed, for the triad (S 3 0 , S 3 1 , S 3 ∞ ) associated to the trivial knot in the sphere, the cobordism going from S 3 1 to S 3 ∞ induces an isomorphism, even though HSI(S 3 0 ) = HSI(S 2 × S 1 ) has rank 2.
